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Abstract

This paper examines further the problem of approximating the distribution of a continuous random variable based on three key percentiles, typically the median (50th percentile) and the 5% points (5th and 95th percentiles).  This usually involves the two main distribution parameters, the mean and standard deviation, and, if possible, the distribution function concerned.  Previous research has shown that the Pearson-Tukey formulae provide highly accurate estimates of the mean and standard deviation of a beta distribution (of the first kind), and that simple modifications to the standard deviation formula will improve the accuracy even further.  However, little work has been done to establish the accuracy of these formulae for other distributions, or to examine the accuracy of alternative formulae based on triangular distribution approximations.  We show that the Pearson-Tukey mean approximation remains highly accurate for a range of unbounded distributions, although the accuracy in these cases can be improved by a slightly different 3:10:3 weighting of the 5%, 50% and 95% points.  In contrast, the Pearson-Tukey standard deviation formula is much less accurate for unbounded distributions, and can be bettered by a triangular approximation whose parameters are estimated from simple linear combinations of the three percentile points.  In addition, triangular approximations allow the underlying distribution function to be estimated by a triangular cdf.  It is shown that simple formulae for estimating the triangular parameters, involving weights of 23:-6:-1, -13:42:-13 and -1:-6:23, give not only universally accurate mean and standard deviation estimates, but also provide a good fit to the distribution function with a Kolmogorov-Smirov statistic which averages 0.1 across a wide range of distributions, and an even better fit for distributions which are not highly skewed.

1.
Introduction

Probably the most basic requirement in risk analysis is to estimate reliably the ‘profile’ of any uncertain quantity in terms of an appropriate cumulative distribution function (cdf) and/or its parameters, particularly the mean and standard deviation.  Most decision makers are likely to find it difficult to estimate these parameters directly, particularly if the distribution is skewed where the effect of the skewness will often be difficult to assess.  Likewise, few managers would naturally think of uncertainty as a probability distribution and so could not be expected to reliably assess the shape of a density or distribution function.  For most managers, the language of uncertainty is in terms of likelihood associated with simple comparisons such as 'equally likely' or 'twice as likely as'.  The concept of 'odds' or '1 in …' is much more intuitive than 'probability', and as a result probabilities that can be expressed as simple odds or ratios are more likely to be understood.  Thus the median, the quartiles, the 5% and 95% points or the 10% and 90% points can be described in terms that are likely to be meaningful to a manager.  Likewise, decision-makers may understand the idea of a ‘most likely’ value, and so be able to estimate the mode of a distribution.  On the other hand, the mode does not naturally translate into probability statements about intervals, and may also be confused with 'expected value', and so may be a less reliable quantity than the median to estimate.

Much empirical evidence over the last thirty or forty years (e.g. Raiffa,1 Schlafer,2 Spetzler & Stael von Holstein3 and Holloway4) has established that by using well-established probability assessment techniques (e.g. Merkhoher5), a decision maker is usually able to estimate the more intuitive percentiles of a distribution such as the median, the quartiles and outer points that are not too extreme.  Consequently, most risk analyses involve procedures for approximating the distribution concerned based on selected percentiles and the modal value.  The shape of the distribution function may be assumed to follow a standard form, such as a beta (e.g. PERT) or triangular distribution, whose parameters can be estimated from appropriate percentiles (or the mode).  Alternatively, the form of the cdf may be estimated directly from a selection of percentiles, along with estimates of the mean and standard deviation, which are usually derived from three points (two corresponding extreme percentiles and the mode or median).  Since the original PERT formulae were first developed by Malcolm et al,6 numerous alternative formulae have been proposed for both the mean and standard deviation, for example Pearson & Tukey,7 Moder & Rodgers,8 Megill (& Swanson),9 Davidson & Cooper,10 Farnum & Stanton,11 and Golenko-Ginzburg.12
Various authors, for example Perry & Greig,13 Keefer & Bodily14 and Keefer & Verdini,15 have compared the accuracy of different estimators and have pointed out that extremely large errors can arise with many of the approximations proposed.  For example, if the underlying distribution is a positively skewed beta, Keefer & Verdini15 have shown that the average absolute errors in estimating the mean and variance using the basic PERT formulae can be of the order of 40% and 550% respectively!  Unfortunately, the PERT formulae are not alone in producing such large errors.

Most of the early comparisons were restricted largely to a beta distribution, where it is fairly clear that the most accurate approximations are provided by formulae first developed by Pearson & Tukey7 based on the 5% points and the median, namely
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where x() denotes the  percentile of the distribution.  Pearson & Tukey7 also proposed an iterative procedure for the standard deviation, involving both the 2.5% and 5% points, which was subsequently simplified by Keefer & Bodily14 who eliminated the 2.5% points giving
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What has not been thoroughly investigated, however, is the accuracy of the various formulae for distributions other than beta.  Pearson & Tukey7 considered a number of different distributions from the Pearson and Johnson16 Su families, mainly comprising beta, gamma, lognormal and non-central t distributions.  In a more detailed analysis, Johnson17 has shown that the Pearson-Tukey formula for the mean is reasonably accurate for a range of other distributions, but the formula for the standard deviation is somewhat less robust.

The aim of this paper is to explore the accuracy of the above Pearson-Tukey formulae for a range of distributions that are plausible in a risk analysis context.  In addition, an alternative method is proposed for estimating the cdf and the parameters of the underlying distribution based on more refined triangular approximations than have hitherto been used.

2.
Distributions in Risk Analysis

Many uncertain quantities can be conceptualised in terms of a continuous probability density function that is generally bell-shaped around a most likely value.  Models for uncertainty in risk analysis therefore tend to be unimodal distributions over a finite range, or over the entire non-negative domain.  As uncertain quantities often have identifiable minimum and maximum values, a distribution with finite limits is intuitively plausible to many decision-makers.  The beta distribution of the first kind (beta1) is therefore seen as a suitable model in this context as it provides a wide variety of distribution shapes over a finite interval.  As well as specific applications such as the activity time distribution in PERT analysis, or as a model for the value of an uncertain proportion, the beta1 distribution has also been suggested by Law & Kelton18 as “a rough model in the absence of data.”  This is because the beta1 shape can range from the classical bell-shape, similar to a normal distribution, through triangular and rectangular (uniform) shapes, to both U-shaped and J-shaped distributions.  Most of these shapes can be either positively or negatively skewed, or symmetrical.  The beta1 is therefore one of the most versatile and frequently used of the standard distributions for risk analysis.

The only other commonly used, bounded distribution with similar properties is the triangular distribution which, like the beta1, can be positively or negatively skewed, or symmetrical.  In particular, a right-triangular distribution, with the mode at either of the extremes, is a special case of the beta1 distribution.  Support for the triangular distribution is given by Williams19 who notes that “the beta distribution is not easily understood, nor are its parameters easily estimated,” whereas “the triangular distribution offers comprehensibility to the project planner.”  Williams also reports that project planners are happy to accept the triangular distribution, using 10% and 90% points along with an estimated ‘uncertainty level.’

Although the beta1 distribution may be seen as the most versatile model for uncertainty in risk analysis, unbounded distributions with infinite upper limits could also be used.  In many risk situations, the difference between bounded and unbounded distributions may not be all that important.  However, situations arise where it is necessary to represent an uncertain quantity having a highly skewed distribution that cannot be adequately modelled by a bounded distribution.  In particular, the coefficient of skewness for a bell-shaped beta1 distribution cannot exceed 2, and for a triangular distribution is less than 
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 = 0.566.   An unbounded distribution will generally be necessary to reflect higher levels of skewness.

Historically, the unbounded distributions that are often seen as plausible alternatives to the beta1 are the gamma and lognormal distributions, the former including the chi-square and negative exponential.  The beta distribution of the second kind (beta2), of which the F distribution is a special case, should also be considered as it is defined by two parameters and so can assume a greater variety of shapes than distributions with a single shape parameter.

Two ‘new’ distributions have been proposed for use in PERT or risk analysis.  Berny20 has suggested a distribution involving four parameters that are claimed to be more “amenable to practical estimation.”  This is in contrast to the beta distributions, where the shape parameters must be estimated directly, which would be extremely difficult, or indirectly from estimates of two of the main distribution measures such as the mean, mode or standard deviation.  The four parameters of the Berny distribution are:

the ‘minimum’ value, i.e. a lowest conceivable value;

the probability of exceeding the minimum (which would usually be 1);

the most likely value i.e. the mode (xm); and

the probability of exceeding the mode (Pm).

If the distribution is re-scaled such that the minimum value becomes zero, and the probability of exceeding this value is therefore 1, the distribution function can be shown to be of the form


F(x)  =  1 - exp(-(x/)p)
0 < x < 
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p > 1,  > 0

where  = xm/(1 - 1/p)1/p and p = 1/(1 + ln Pm).  This is identical to the distribution function of the Weibull distribution, which has a long history in reliability theory.  It is something of an exaggeration, therefore, to suggest this as “a new distribution function for risk analysis.”

A key consideration in PERT is that the distribution of activity time ideally should be stable under both convolution and maximisation, so that the distribution of both the sum and the maximum of a set of activity times follows the same distribution as that of the individual activity durations.  Golenko-Ginzburg21 has suggested a distribution function of the form


F(x)  =  exp[-(/x)c]
0 < x < 
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c > 0,  > 0

which is generally stable under maximisation and asymptotically stable under convolution.  The parameter c reflects the “level of uncertainty for the project as a whole” and should be fixed for the network.  The value of  will vary from activity to activity and can be estimated from either the expected or most likely activity duration.

Even though neither of these distributions has been widely used as yet, it is useful to consider the Golenko-Ginzburg distribution as representative of potentially a rather different shape with, as will become apparent, a combination of low variability and high skewness, a characteristic that arises in very few other distributions.  In contrast, the Berny distribution has a shape (albeit unbounded) that is quite close to the beta1 distribution, with similar variability and skewness, and so will not be included in our analysis.

3.
Methodology

A major difficulty in exploring the effectiveness of various forms of approximation for the parameters and the distribution function of the distributions described in the previous section is that, apart from very special cases, no closed form exists for either the distribution function or the relevant percentiles.  This makes a thorough analytical examination of the problem at best very difficult, and effectively impossible.  Many previous authors (e.g. Pearson & Tukey7, Perry and Greig13, Keefer & Bodily14, Keefer & Verdini15) have adopted an exploratory approach by considering a set of particular cases of the distributions concerned, covering a representative cross section of distribution shapes, by varying systematically the appropriate shape parameter(s).  The same approach will be used in this paper; mainly to permit a comparison between previous results and the ones developed here.

A representative set of beta1, beta2, gamma, lognormal and Golenko-Ginzburg distributions will be analysed by choosing an appropriate range of values for the relevant shape parameters.  How should these parameter values be chosen?  In their analysis, Keefer & Bodily14 consider 78 individual beta1 distributions corresponding to the following parameter combinations


p, q = 2, 3, 4, 5, 6, 8, 10, 12, 15, 20, 30, 60

(p < q)

They also consider 15 lognormal distributions with values of the parameter  at intervals of 0.1 up to 1.5.  However, this does not give a fair comparison of relative accuracy in beta1 and lognormal situations.  The most extreme beta1 distribution (p = 2, q = 60) has a coefficient of variation of 0.69 and a skewness coefficient of 1.31, whereas the most extreme lognormal distribution ( = 1.5) has corresponding values of 2.91 and 33.46 respectively!

To give a consistent basis of comparison, each distribution should be expressed in terms of the same (or similar) parameters.  A characterisation in terms of the standardised second and third moments, the coefficients of variation (v =
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), originally proposed by Müller & Vahl,22 gives an intuitively simple way of describing each distribution, similar to the characterisation of the Pearson curves in terms of the coefficients of skewness and kurtosis.  It is then possible to describe consistently the feasible region for all five distributions in terms of the two chosen coefficients.  Without loss of generality, we can consider each distribution in its standard form, defined by either one or two shape parameters.  Expressing these parameters in terms of v and k produces the various relationships given in the Appendix.  These relationships define a ‘feasible region’ for each distribution in the form of a curve for the one-parameter distributions (gamma, lognormal, Golenko-Ginzburg), or an area for the two-parameter distributions (beta1 and beta2).  These feasible regions are shown in Figure 1.  The beta distribution areas are separated by the gamma curve.  Within the beta region generally, the higher portion of the feasible region (a larger coefficient of skewness) represents generally bell-shaped distributions, with U or J-shaped distributions below.  The gamma distribution is J-shaped if v > 1.  The lognormal and Golenko-Ginzburg distributions are always bell-shaped, but the latter has an upper limit for v of ~0.679, at which point k(
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.  To allow comparison with previous results, only bell-shaped distributions over an appropriate range of variability and skewness will be considered.

A set of representative distributions of each type can be generated by selecting a series of values of v and k at regular intervals over the permissible range for bell-shaped distributions.  For the lognormal and beta2 distributions, it was decided to limit v to a maximum of 1 to give comparability with the other three distributions, and to limit k to a maximum of 4, that being the relevant value for a lognormal distribution when v = 1.  Although high levels of skewness can arise in risk situations, it is not necessary to consider very high values of k as distribution functions tend to become increasingly similar as k increases.  For example, the distribution functions for the Golenko-Ginzburg distribution with k = 4 and k = 
[image: image11.wmf]¥

 are shown in Figure 2.  The maximum (Kolmogorov-Smirnov) distance between these distribution functions is 0.12.  A similar situation occurs with the beta2 distribution, where most distribution functions with k > 4 have a K-S distance of less than 0.1 when compared with the distribution function for   k = 4 and the same value of v.

Values of v were taken at intervals of 0.05 and, for the beta distributions, values of k were selected at intervals of 0.5 over the relevant range for the value of v concerned.  The number of distributions of each type, and the associated values of v and k, are summarised in Table 1.

Table 1  Distributions Selected

	
Distribution
	Number
	Variation (v)
	Skewness (k)

	
	
	Min
	Max
	Min
	Max

	
Beta1
	50
	0.05
	0.95
	-1.7
	1.8

	
Beta2
	58
	0.05
	1
	0.15
	4.1

	
Gamma
	19
	0.05
	0.95
	0.1
	1.9

	
Lognormal
	20
	0.05
	1
	0.15
	4.0

	
Golenko-Ginzburg
	7
	0.05
	0.35
	1.39
	4.06

	
Total
	154
	
	
	
	


4.
Triangular Mean and Variance Approximations

The relatively simple formulae for the mean and variance of a triangular distribution over the interval (a, b) with mode a < m < b, i.e.
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can be used as approximations for other distributions provided that a triangular distribution can be found that provides a sufficiently good fit to the distribution in question.  Keefer & Bodily14 consider four mean and variance approximations for a beta1 distribution based on matching the mode and/or particular fractiles of the triangular distribution to those of the underlying beta1 distribution.  The four approximations are determined as follows.

T1
The extremes (x(0) and x(100)) and the mode (xm) of the underlying distribution are used as the corresponding triangular parameters, i.e.



a = x(0)

m = xm

b = x(100)
T2
As in 1, but with the 5% fractiles of the underlying distribution used as the triangular extremes, i.e.



a = x(5)

m = xm

b = x(95)
T3
As in 2, but with the 5% fractiles used as the corresponding triangular fractiles.  In addition to m = xm, this leads to the following pair of simultaneous equations in a and b which can be solved iteratively:



(x(5) - a)2  =  0.05(b - a)(xm - a)



(b - x(95))2 =  0.05(b - a)(b - xm)

T4
The final approximation uses a bi-triangular distribution, with two right-angled triangles placed back-to-back at the median, and with matching 5% fractiles.  From the geometry of the two triangles,



a  =  x(50) - (x(50) - x(5))/(1 - (0.1)  =  1.4625x(5) - 0.4625x(50)


b  = x(50) + (x(95) - x(50))/(1 - (0.1)  =  1.4625x(95) - 0.4625x(50)
The heights of the left and right triangles are
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and unless the two fractiles are symmetrical about the median, there will be a ‘jump’ discontinuity in the density function at the median.  The mean and variance of a bi-triangular distribution are given by
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The errors in approximating the mean and variance for the 78 beta1 distributions reported by Keefer & Bodily14 are given in Table 2.  As may be anticipated, the first approximation produces excessively large errors for both the mean and variance and is not a feasible proposition.  The second approximation gives a reasonably good estimate of the beta1 mean (with an average error of 0.27%) but is poor in estimating the variance, where the average error is 54.2%.  The third approximation is much better in estimating the beta1 variance (average error 3.7%) but is worse for the mean (average error 2.4%).  The bi-triangular approximation is probably the best of the four considered as it performs reasonably well for both mean and variance (with average errors of 1.2% and 4.1% respectively), but with the obvious drawback for skewed distributions of having a major discontinuity at the median.

It is clear from Table 2 that none of the triangular approximations gives a level of accuracy for the beta1 distribution that is comparable with that of the Pearson-Tukey approximations, which give average errors of 0.02% and 0.4% for the mean and variance.  On this evidence, it would appear that approximations using the mean and variance of a triangular distribution have to be based on a more accurate fit if they are to produce accuracy comparable with the Pearson-Tukey formulae.  As we will show, however, the situation is less clear if unbounded distributions are approximated, or if a better method is used to determine the approximating triangular distribution.

Table 2  Percentage Errors in Triangular & Pearson-Tukey Estimates

	Approximation
	Approximating the Mean
	Approximating the Variance

	
	Average (%)
	Maximum (%)
	Average (%)
	Maximum (%)

	Triangular T1
	95.5
	950.6
	1040
	10928

	Triangular T2
	0.27
	-1.62
	54.2
	-55.7

	Triangular T3
	2.4
	11.1
	3.7
	-7.4

	Triangular T4
	1.2
	4.9
	4.1
	-8.7

	Basic Pearson-Tukey (1)
	0.02
	0.07
	2.2
	-7.5

	Modified Pearson-Tukey (2)
	
	
	0.38
	-1.7


5.
Approximations for Unbounded Distributions

The Pearson-Tukey estimators and the three more accurate triangular approximations were tested on the 154 individual distributions detailed in Table 1 and a summary of the estimation errors for each distribution is given in Table 3.  As noted above, the Pearson-Tukey mean approximation (1) is very accurate over a range of distributions, with an average error of only 0.2% (maximum 0.8%) for the four unbounded distributions investigated.  This is an order of magnitude less accurate than for the beta1 distribution, but it is nevertheless exceptionally accurate.  In contrast, the modified Pearson-Tukey standard deviation estimate (2) becomes much worse for unbounded distributions, with an average error of 3.7% (maximum 11.6%).

The triangular approximations are also worse for unbounded distributions but are slightly more robust than the Pearson-Tukey formulae.  Of the three triangular approximations, the bi-triangular distribution gives generally the best performance with an average error in the mean of 4.3% for unbounded distributions, and 8.1% in the standard deviation.  This is still not as good as the modified Pearson-Tukey estimator, but the error is now only about twice that of the Pearson-Tukey, whereas with the beta1 distribution it was over four times greater.

Table 3  Percentage Errors for all Distribution

	Distribution
	
	Triangular (T2) Estimate of
	Triangular (T3) Estimate of
	Triangular (T4) Estimate of
	Pearson-Tukey Estimate of

	
	% Error
	Mean
	Std. Devn.
	Mean
	Std. Devn.
	Mean
	Std. Devn.
	Mean
	Std. Devn.

	Beta1
	Average
	2.8
	30.4
	4.0
	2.1
	2.1
	3.1
	0.04
	0.7

	
	Maximum
	17.1
	35.5
	22.5
	6.0
	9.0
	6.4
	0.13
	3.9

	(n = 50)
	Std. Devn.
	4.8
	2.8
	5.2
	1.3
	2.3
	1.3
	0.04
	0.9

	Beta2
	Average
	4.0
	35.1
	14.0
	9.2
	5.1
	9.2
	0.23
	4.5

	
	Maximum
	8.4
	40.0
	25.5
	17.7
	9.7
	17.2
	0.77
	10.9

	(n = 58)
	Std. Devn.
	2.4
	2.7
	7.2
	4.8
	2.5
	4.5
	0.23
	3.5

	Gamma
	Average
	1.0
	32.0
	7.8
	3.4
	3.3
	3.8
	0.02
	0.4

	
	Maximum
	1.9
	32.8
	22.3
	6.6
	8.9
	7.1
	0.05
	0.7

	(n = 19)
	Std. Devn.
	0.7
	0.8
	7.0
	1.5
	2.9
	1.7
	0.02
	0.2

	Lognormal
	Average
	3.7
	35.0
	10.7
	8.0
	3.8
	8.0
	0.17
	3.8

	
	Maximum
	10.5
	40.6
	26.2
	18.7
	8.4
	17.9
	0.68
	10.8

	(n = 20)
	Std. Devn.
	3.4
	2.6
	8.7
	5.6
	2.8
	5.3
	0.21
	3.5

	Golenko-
	Average
	1.4
	36.7
	3.8
	10.6
	1.3
	10.5
	0.11
	6.3

	Ginzburg
	Maximum
	2.8
	40.6
	7.2
	16.8
	2.3
	16.5
	0.30
	11.6

	(n = 7)
	Std. Devn.
	0.9
	2.6
	2.3
	4.2
	0.7
	4.1
	0.11
	3.5

	Unbounded
	Average
	3.2
	34.6
	11.6
	8.0
	4.3
	8.1
	0.17
	3.7

	
	Maximum
	10.5
	40.6
	26.2
	18.7
	9.7
	17.9
	0.77
	11.6

	(n = 104)
	Std. Devn.
	2.7
	2.7
	7.8
	5.0
	2.8
	4.7
	0.21
	3.6

	All
	Average
	3.1
	33.3
	9.1
	6.1
	3.6
	6.5
	0.13
	2.8

	
	Maximum
	17.1
	40.6
	26.2
	18.7
	9.7
	17.9
	0.77
	11.6

	(n = 154)
	Std. Devn.
	3.5
	3.4
	7.9
	5.0
	2.8
	4.6
	0.19
	3.3


The Keefer & Bodily modification to the Pearson-Tukey formula was proposed in the context of estimating a beta1 distribution, which exhibits limited variation and skewness.  If the coefficients in the denominator of formula (2) are chosen to minimise the estimation error in the standard deviation across all 154 test distributions, the accuracy of the approximation is improved with a larger divisor and a greater skewness correction coefficient, namely
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Not surprisingly, this formula is less accurate in the beta1 case, with an average error of 2.8% (maximum 9.5%) but is generally more accurate for the unbounded distributions, where the average error is now only 1.9% (maximum 9.1%).  This gives more consistent errors across all distributions and slightly greater accuracy overall, with an average error of 2.2% compared with 2.8% for the original modification (2).

6.
Improved Triangular Approximations

The triangular approximations described above involve estimating the triangular parameters from the 5% points and the median or mode.  In particular, the most accurate approximation (T4) bases the triangular extremes on a simple linear combination of the corresponding 5% point and the median, with the triangular mode equal to the median.  This suggests that more effective estimates of the triangular parameters should be obtained from more general linear combinations of the form
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where x1, x2 and x3 represent the 5% point, the median and the 95% point respectively, and the coefficients satisfy the following conditions:
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The triangular mean is estimated by
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and to give an unbiased estimate, the coefficients should be symmetrical, i.e.
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These conditions imply that the nine coefficients cij (i = a, m, b; j = 1, 2, 3) have only 4 degrees of freedom and can all be specified in terms of four ‘key’ values ca1, cm2, cb3, and 
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In the beta1 case, it is also appropriate to take into account the ‘reversibility’ of the distribution where the  percentiles, (p, q), satisfy the condition


(p, q) = (q, p)

The triangular parameters will reflect this symmetry in that the relevant values of a, m and b for the beta1(p,q) distribution are related to those of the beta1(q,p) distribution as follows


apq  =  1 - bqp
mpq  =  1 - mqp 
bpq  =  1 - aqp
A similar symmetry should apply to the estimating equations for a and b, i.e.


ca1  =  cb3
ca2  =  cb2
ca3  =  cb1
so that there are now only three key values ca1 (= cb3), cm2, and 
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The key parameters can be determined to give ‘best’ estimates of the mean and standard deviation.  Specifically, c(2 is chosen to minimise the error in the mean, and the remaining key values are chosen to minimise the estimation errors in the standard deviation.  It is not possible to minimise simultaneously both the average and maximum percentage errors, as the minimum value of the average percentage error gives a relatively large maximum error, and vice-versa.  Some compromise is required.  The approach used is to choose a point where the maximum percentage error is half way between its minimum possible value and what it would be at the lower bound of the average percentage error, as the relationship between the two errors is reasonably linear over this range.  This trade-off is clearly subjective, and gives a maximum percentage error that is about three or four times the average percentage error.

Applying the above procedure to the beta1 distribution individually, and to the unbounded distributions collectively, produces the estimating equations in Table 4.  It can be seen that the ‘optimum’ mean estimator for a beta1 distribution coincides exactly with the Pearson-Tukey approximation, but that for unbounded distributions is slightly different, namely
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Table 4 Fractile Estimates of the Triangular Parameters

	
	
	Beta1 Distribution
	Unbounded Distributions

	
	
	x(5)
	x(50)
	x(95)
	x(5)
	x(50)
	x(95)
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a


	=
	1.23
	0.04
	-0.27
	1.454
	-0.421
	-0.033
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m


	=
	-0.405
	1.81
	-0.405
	-0.836
	2.672
	-0.836
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b


	=
	-0.27
	0.04
	1.23
	-0.056
	-0.376
	1.431
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m


	=
	0.185
	0.63
	0.185
	0.188
	0.625
	0.188


It is also interesting to note that the equations for the unbounded distributions almost satisfy the reversibility conditions that were included in the estimation of the beta1 equations.  In fact, the unbounded equations can be very well approximated by fractional coefficients based on a divisor of 16, giving the following, more convenient, form
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a

 =  (23x(5) - 6x(50) - x(95))/16
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m

=  (-13x(5) + 42x(50) - 13x(95))/16
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b

 =  (-x(5) - 6x(50) + 23x(95))/16

A summary of the estimation errors for the two triangular approximations in Table 4 is given in Table 5.  It is immediately clear that these new triangular approximations are much more accurate than any of the previous triangular approximations, giving results which are broadly comparable with the Pearson-Tukey approximations.  The beta1 triangular approximation for the mean is identical to the Pearson-Tukey mean estimator, with necessarily the same errors.  The corresponding standard deviation approximation gives virtually the same error profile as the original form of the modified Pearson-Tukey, with slightly more consistency (and a smaller maximum error) across the 50 distributions tested.

The more general triangular approximation for unbounded distributions is somewhat better than the Pearson-Tukey mean estimator (where the maximum error is reduced by a factor of 2).  The standard deviation approximation similarly outperforms the original Person-Tukey estimator (where the errors are reduced by about 40%), and is broadly similar to the revised Pearson-Tukey formula, with an average error which is slightly higher but with greater consistency and a lower maximum error.  The revised form of the Pearson-Tukey standard deviation formula and the new triangular approximation generally seem to be more reliable procedures for distributions which may be subject to more extreme variability and skewness.

Table 5  Percentage Errors in New Triangular Approximations for all Distribution

	Distribution
	Beta1 Triangular
	General Triangular
	Pearson-Tukey

	
	% Error
	Mean
	SD
	Fit (D)
	Mean
	SD
	Fit (D)
	Mean
	SD
	Fit (D)

	Beta1
	Average
	0.04
	0.8
	0.049
	0.10
	3.3
	0.054
	0.04
	0.7
	0.315

	
	Maximum
	0.13
	3.2
	0.137
	0.47
	8.5
	0.191
	0.13
	3.9
	0.315

	(n = 50)
	Std. Devn.
	0.04
	0.7
	0.034
	0.13
	2.5
	0.048
	0.04
	0.9
	0

	Beta2
	Average
	0.23
	5.9
	0.082
	0.15
	2.3
	0.116
	0.23
	4.5
	0.315

	
	Maximum
	0.77
	13.6
	0.153
	0.41
	6.8
	0.207
	0.77
	10.9
	0.315

	(n = 58)
	Std. Devn.
	0.23
	4.2
	0.034
	0.12
	1.7
	0.053
	0.23
	3.5
	0

	Gamma
	Average
	0.02
	1.1
	0.053
	0.16
	3.2
	0.067
	0.02
	0.4
	0.315

	
	Maximum
	0.05
	3.1
	0.135
	0.42
	7.1
	0.189
	0.05
	0.7
	0.315

	(n = 19)
	Std. Devn.
	0.02
	0.9
	0.035
	0.14
	2.1
	0.052
	0.02
	0.2
	0

	Lognormal
	Average
	0.17
	4.9
	0.072
	0.07
	1.5
	0.097
	0.17
	3.8
	0.315

	
	Maximum
	0.68
	14.1
	0.153
	0.29
	3.4
	0.205
	0.68
	10.8
	0.315

	(n = 20)
	Std. Devn.
	0.21
	4.6
	0.041
	0.07
	0.8
	0.063
	0.21
	3.5
	0

	Golenko-
	Average
	0.11
	7.3
	0.074
	0.06
	2.3
	0.098
	0.11
	6.3
	0.315

	Ginzburg
	Maximum
	0.30
	13.2
	0.091
	0.18
	5.8
	0.133
	0.30
	11.6
	0.315

	(n = 7)
	Std. Devn.
	0.11
	4.0
	0.013
	0.07
	2.0
	0.027
	0.11
	3.5
	0

	Unbounded
	Average
	0.17
	4.9
	0.074
	0.13
	2.3
	0.102
	0.17
	3.7
	0.315

	
	Maximum
	0.77
	14.1
	0.153
	0.42
	7.1
	0.207
	0.77
	11.6
	0.315

	(n = 104)
	Std. Devn.
	0.21
	4.3
	0.036
	0.12
	1.7
	0.056
	0.21
	3.6
	0

	All
	Average
	0.13
	3.6
	0.066
	0.12
	2.6
	0.086
	0.13
	2.8
	0.315

	
	Maximum
	0.77
	14.1
	0.153
	0.47
	8.5
	0.207
	0.77
	11.6
	0.315

	(n = 154)
	Std. Devn.
	0.19
	4.0
	0.037
	0.12
	2.0
	0.058
	0.19
	3.3
	0


In practice, it may be unlikely that a decision-maker could identify the form of the underlying distribution, or perhaps even to decide whether the distribution is bounded or not.  If this is so, a general-purpose triangular approximation may be required to cover all situations.  On the evidence of the errors in Table 5, the fractional equations given above could reasonably be used to cover not only the unbounded situation, but also the beta1 case.  This seems a better alternative than using the beta1 triangular approximation where the standard deviation errors can become quite large (13-14%) for the more skewed distributions.  The general unbounded triangular approximation can be expected to give a mean estimate which is accurate to about 0.1%, and almost certainly better than 0.5%.  The standard deviation estimate has an expected error of about 2.5%, and a maximum error of about 8.5%.

7.
Approximating the Distribution Function

An additional advantage of triangular approximations is that they may also be used to approximate the distribution function concerned.  The triangular approximations described in the previous section were derived with the sole objective of obtaining good estimates of the mean and standard deviation.  As a consequence, it is unlikely that the approximating triangular distribution will give the best possible fit to the underlying cdf.  Nevertheless, provided that the distribution being approximated is not heavily skewed, the triangular distribution should provide an acceptably good fit to the cdf for most risk analysis purposes.

Probably the most intuitive measure of the goodness of fit of the triangular cdf is provided by the Kolmogorov-Smirnov D statistic which gives the maximum probability difference between the two distribution functions, i.e.


D = 
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where F(x) is the actual cdf and G(x) is the approximating cdf.  Of the original four triangular approximations, the bi-triangular approximation (T4) gives clearly the best fit, with a D value which averages about 0.06 (maximum 0.09) across all 154 distributions tested.  As shown in Table 5, the new beta1 triangular approximation gives a similar fit to this, and is only significantly worse in situations of very extreme skewness.  However, with such extreme skewness, the very marked discontinuity that arises in the bi-triangular distribution could be a disadvantage as it gives rise to a rather strange looking cdf, with a pronounced cusp at the median.  Despite the larger D value, many decision-makers may instinctively prefer the smoother shape of a simple triangular cdf.

The fit of the general triangular approximation is not so good, giving an average D-value of about 0.1 across the 104 unbounded test distributions.  This could rise to as much as 0.2 in cases of extreme skewness.  The complete set of D-values for all five distributions are shown in Table 5.  To put this more in context, if the cdf is approximated by a discrete distribution with specified probabilities at a number of percentiles, the D-value will be independent of the shape of the underlying distribution.  As more percentiles are used, and more evenly spaced, the better will be the fit to the underlying cdf.  The Pearson-Tukey mean approximation corresponds to a 3-point discrete distribution with probabilities of 0.185, 0.63 and 0.185 at the 5%, 50% and 95% fractiles and gives a D value of 0.315.  In contrast, a discrete uniform approximation, with equal probabilities (0.2) at the 10%, 30%, 50%, 70% and 90% points, gives D = 0.1.  The general purpose triangular approximation gives an equivalent average fit to a 5-point discrete distribution, but with vastly better estimation accuracy for the mean and standard deviation; the average errors for the 5-point discrete distribution being 5.7% and 20% respectively.

Bearing in mind that the approximating triangular distribution has been determined to minimise the estimation errors in the mean and standard deviation, it is not surprising that the fit of the ensuing distribution is not particularly good.  However, if the goodness of fit of the cdf had been the objective, alternative triangular approximations could have been used that would give lower D-values.  To illustrate this, we can consider three alternative methods of determining a best fitting triangular distribution (in a Kolmogorov-Smirnov sense), namely:

1. The best fitting triangular cdf for each of the 154 test distributions individually.

2. Using a different triangular model for each distribution type, with the triangular parameters based on linear combinations of the median and the 5% points.

3. As in 2, but based a single triangular model for all distributions.

For each approach the average D-values for the fit of the relevant approximating distributions are shown in Table 6 (summarised by distribution).  Of necessity, the fit will generally get worse as the approximating triangular distribution becomes less 'tailored' to the individual distribution.  Using a model that is estimated for each distribution type gives a triangular cdf with a D-value that is about 40% greater than the individually best fitting cdf.  Using one model for all distributions increases the previous average D-values by about 50%.  Comparing these with the results in Table 5, the general triangular model for best mean and standard deviation gives D-values that are about a third greater than those obtainable from a similar triangular model estimated to give best overall fit of the cdf.

But how well would these best fitting triangular distribution functions estimate the mean and standard deviation of the underlying distribution?  If any of the above best fitting distributions are used to estimate the mean and standard deviation, the accuracy is remarkably similar.  The average error in estimating the mean is about 2-3% and the average error in the standard deviation is about 12-15%.  In each case, the maximum error is about three times the average error.  These overall figures, however, hide very large differences between distributions, particularly in estimates of the standard deviation.  As ever, the more heavily skewed distributions such as beta2, lognormal and Golenko-Ginzburg are much less accurately estimated, with an average error in the standard deviation of about 20%.

Table 6  Goodness of Fit for the Five Distributions

	Distribution
	Average D-Value for Approximating Triangular Distributions

	
	Individual Best Fit
	Distribution Best Fit
	Overall Best Fit

	Beta1
	0.020
	0.043
	0.051

	Beta2
	0.039
	0.044
	0.072

	Gamma
	0.023
	0.028
	0.048

	Lognormal
	0.035
	0.043
	0.082

	Golenko-Ginzburg
	0.039
	0.042
	0.081

	Unbounded
	0.036
	0.041
	0.70

	All
	0.030
	0.043
	0.064


It is clear that some compromise is possible between estimating for goodness of fit, and for accuracy in the mean and standard deviation.  However, the evidence of the test problems analysed suggests that accuracy in the mean and standard deviation is more easily lost, and even quite small departures from the estimating equations in Table 4 can increase the errors significantly.  The goodness of fit, however, seems to be relatively more robust.

8.
Conclusions

This paper has examined further the use of triangular approximations, both for the mean and standard deviation specifically and for the distribution function as a whole, based on estimates of the median and the 5% points.  Most earlier work has focused on the beta1 distribution, as probably the most versatile distribution used in risk analysis, but the beta1 cannot adequately represent all situations of uncertainty involving continuous variables.  It is therefore important to have some indication of how well approximations perform in a more general context.

Previous researchers (e.g. Keefer & Bodily14) have suggested various forms of triangular approximation, but these have been generally rather simplistic in determining the required triangular parameters.  Nevertheless, the fit to the cdf and the estimation of the mean and standard deviation are quite promising, suggesting that a more careful determination of the triangular parameters could give rise to very useful approximations.

As would be expected, there is no overall ‘best’ triangular approximation for any particular distribution.  The triangular distribution which gives a best fit to some underlying cdf is not the same as that which gives the most accurate estimates of the mean and standard deviation.  A choice, or perhaps a compromise, has to be made.  In most circumstances, however, accurate estimation of the distribution mean and standard deviation is likely to be the first priority.  There are two main reasons for this.  Firstly, the exact form of the distribution of most uncertain quantities is not something that would usually be known, and so the question of best fit is somewhat academic if we do not know exactly what we are measuring the best fit to.  Secondly, the form of the distribution of individual quantities in risk analysis may not be all that important as they are often aggregated into an overall distribution for some chosen output measure.  For example, in PERT the individual activity durations are essentially just components of the overall project duration, which is probably asymptotically normal and very little influenced by the shape of the distribution of any individual activity.

Estimating the triangular parameters by the suggested linear combinations of the 5%, 50% and 95% points will give accurate approximations of the mean and standard deviation for any of the five distributions tested.  These distributions include not only the bounded beta1 distribution, but also four unbounded distributions that cover a wide range of variation and skewness.  The approximation also gives rise to an estimated distribution function which is a not unreasonable fit to the underlying one, being comparable generally with that produced by the ‘bracket median’ approach which uses a discrete uniform approximation based on the odd deciles of the distribution.  The suggestion, therefore, is that the fractional equations for a, m and b which give accurate estimates of the distribution mean and standard deviation, with average errors of 0.1% and 2.6% respectively, will give an acceptably good approximation to the underlying distribution function, with a maximum difference between the cdf’s less than 0.05 in many cases that are likely to arise in practice.
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Considering only bell-shaped distributions (rather than U or J-shaped distributions), the values of v and k are further restricted by
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As with the beta1 distribution, if we do not wish to include J-shaped distributions, then second beta1 condition also applies, with 
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This distribution is always bell-shaped for any value of .

Golenko-Ginzburg
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where a = c = ln(2) = 0.693 to give a median of 1.  It is not possible to give a closed form expression for the Golenko-Ginzburg parameter c in terms of v or k.  The equations were therefore solved numerically to give the data relationship between v and k shown in Figure 2.  The coefficient of skewness only exists for c > 3 and as
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Golenko-Ginzburg variate

Cumulative probability

Figure 2  Golenko-Ginzburg Distribution Functions
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Figure 2  Golenko-Ginzburg Distribution Functions
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		1.11		1.11		1.11		1.11		1.11		1.11		1.11
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Sheet2

		v		Beta2		Lognorm		Gamma		J/U-shaped		Beta1		Betalo1		Betalo2		Golenko

		0		0		0		0				-2		0		0		1.15

		0.01		0.0400040004		0.030001		0.02				-1.9408842728		0		-99.99		1.1866

		0.02		0.0800320128		0.060008		0.04				-1.8834762915		0		-49.98		1.2346

		0.03		0.1201080973		0.090027		0.06				-1.8276893687		0		-33.3033333333		1.2837

		0.04		0.1602564103		0.120064		0.08				-1.7734424432		0		-24.96		1.3339

		0.05		0.2005012531		0.150125		0.1				-1.7206596328		0		-19.95		1.3853

		0.06		0.2408671216		0.180216		0.12				-1.6692698283		0		-16.6066666667		1.4379

		0.07		0.2813787559		0.210343		0.14				-1.6192063258		0		-14.2157142857		1.4919

		0.08		0.3220611916		0.240512		0.16				-1.570406492		0		-12.42		1.5472

		0.09		0.3629398125		0.270729		0.18				-1.5228114597		0		-11.0211111111		1.6040

		0.1		0.404040404		0.301		0.2				-1.476365851		0		-9.9		1.6623

		0.11		0.4453892094		0.331331		0.22				-1.4310175231		0		-8.9809090909		1.7222

		0.12		0.487012987		0.361728		0.24				-1.3867173377		0		-8.2133333333		1.7839

		0.13		0.5289390703		0.392197		0.26				-1.3434189486		0		-7.5623076923		1.8474

		0.14		0.5711954304		0.422744		0.28				-1.3010786078		0		-7.0028571429		1.9128

		0.15		0.6138107417		0.453375		0.3				-1.2596549872		0		-6.5166666667		1.9803

		0.16		0.6568144499		0.484096		0.32				-1.2191090151		0		-6.09		2.0499

		0.17		0.7002368448		0.514913		0.34				-1.1794037255		0		-5.7123529412		2.1219

		0.18		0.744109136		0.545832		0.36				-1.1405041197		0		-5.3755555556		2.1963

		0.19		0.7884635336		0.576859		0.38				-1.1023770382		0		-5.0731578947		2.2733

		0.2		0.8333333333		0.608		0.4				-1.0649910428		0		-4.8		2.3530

		0.21		0.8787530076		0.639261		0.42				-1.0283163077		0		-4.5519047619		2.4358

		0.22		0.9247583018		0.670648		0.44				-0.9923245188		0		-4.3254545455		2.5217

		0.23		0.9713863372		0.702167		0.46				-0.9569887801		0		-4.117826087		2.6109

		0.24		1.0186757216		0.733824		0.48				-0.9222835272		0		-3.9266666667		2.7038

		0.25		1.0666666667		0.765625		0.5				-0.8881844475		0		-3.75		2.8006

		0.26		1.1154011154		0.797576		0.52				-0.8546684051		0		-3.5861538462		2.9015

		0.27		1.1649228778		0.829683		0.54				-0.821713372		0		-3.4337037037		3.0069

		0.28		1.2152777778		0.861952		0.56				-0.7892983633		0		-3.2914285714		3.1171

		0.29		1.2665138116		0.894389		0.58				-0.7574033777		0		-3.1582758621		3.2324

		0.3		1.3186813187		0.927		0.6				-0.726009341		0		-3.0333333333		3.3534

		0.31		1.3718331674		0.959791		0.62				-0.6950980547		0		-2.9158064516		3.4805

		0.32		1.4260249554		0.992768		0.64				-0.6646521466		0		-2.805		3.6142

		0.33		1.4813152284		1.025937		0.66				-0.6346550258		0		-2.7003030303		3.7550

		0.34		1.5377657169		1.059304		0.68				-0.6050908403		0		-2.6011764706		3.9037

		0.35		1.5954415954		1.092875		0.7				-0.5759444368		0		-2.5071428571		4.0608

		0.36		1.6544117647		1.126656		0.72				-0.5472013237		0		-2.4177777778		4.2273

		0.37		1.71474916		1.160653		0.74				-0.5188476365		0		-2.3327027027		4.4041

		0.38		1.7765310893		1.194872		0.76				-0.4908701045		0		-2.2515789474		4.5921

		0.39		1.8398396037		1.229319		0.78				-0.4632560207		0		-2.1741025641		4.7926

		0.4		1.9047619048		1.264		0.8				-0.4359932125		0		-2.1		5.0070

		0.41		1.9713907922		1.298921		0.82				-0.409070015		0		-2.0290243902		5.2367

		0.42		2.0398251578		1.334088		0.84				-0.3824752454		0		-1.960952381		5.4835

		0.43		2.1101705312		1.369507		0.86				-0.3561981788		0		-1.8955813953		5.7496

		0.44		2.1825396825		1.405184		0.88				-0.3302285262		0		-1.8327272727		6.0374

		0.45		2.2570532915		1.441125		0.9				-0.3045564127		0		-1.7722222222		6.3496

		0.46		2.33384069		1.477336		0.92				-0.2791723578		0		-1.7139130435		6.6898

		0.47		2.413040688		1.513823		0.94				-0.2540672565		0		-1.6576595745		7.0618

		0.48		2.4948024948		1.550592		0.96				-0.2292323612		0		-1.6033333333		7.4705

		0.49		2.5792867483		1.587649		0.98				-0.2046592655		0		-1.5508163265		7.9218

		0.5		2.6666666667		1.625		1				-0.1803398875		0		-1.5		8.4228

		0.51		2.7571293418		1.662651		1.02				-0.1562664554		0		-1.4507843137		8.4228

		0.52		2.850877193		1.700608		1.04				-0.132431493		0		-1.4030769231		8.4228

		0.53		2.9481296065		1.738877		1.06				-0.1088278063		0		-1.3567924528		8.4228

		0.54		3.0491247883		1.777464		1.08				-0.0854484709		0		-1.3118518519		8.4228

		0.55		3.1541218638		1.816375		1.1				-0.0622868199		0		-1.2681818182		8.4228

		0.56		3.2634032634		1.855616		1.12				-0.0393364322		0		-1.2257142857		8.4228

		0.57		3.3772774404		1.895193		1.14				-0.016591122		0		-1.1843859649		8.4228

		0.58		3.4960819771		1.935112		1.16		0.0119102485				0		-1.144137931		8.4228

		0.59		3.6201871453		1.975379		1.18		0.0566271321				0		-1.1049152542		8.4228

		0.6		3.75		2.016		1.2		0.101010101				0		-1.0666666667		8.4228

		0.61		3.8859691034		2.056981		1.22		0.1451012122				0		-1.0293442623		8.4228

		0.62		4.0285899935		2.098328		1.24		0.1889407969				0		-0.9929032258		8.4228

		0.63		4.1784115404		2.140047		1.26		0.2325676407				0		-0.9573015873		8.4228

		0.64		4.3360433604		2.182144		1.28		0.2760191476				0		-0.9225		8.4228

		0.65		4.5021645022		2.224625		1.3		0.3193314929				0		-0.8884615385		8.4228

		0.66		4.6775336641		2.267496		1.32		0.3625397636				0		-0.8551515152		8.4228

		0.67		4.8630012702		2.310763		1.34		0.4056780891				0		-0.8225373134		8.4228

		0.68		5.0595238095		2.354432		1.36		0.4487797641				0		-0.7905882353		8.4228

		0.69		5.2681809506		2.398509		1.38		0.4918773626				0		-0.7592753623		8.4228

		0.7		5.4901960784		2.443		1.4		0.5350028458				0		-0.7285714286		8.4228

		0.71		5.7269610809		2.487911		1.42		0.5781876644				0		-0.6984507042		8.4228

		0.72		5.9800664452		2.533248		1.44		0.6214628555				0		-0.6688888889		8.4228

		0.73		6.2513380432		2.579017		1.46		0.6648591353				0		-0.6398630137		8.4228

		0.74		6.542882405		2.625224		1.48		0.708406988				0		-0.6113513514		8.4228

		0.75		6.8571428571		2.671875		1.5		0.7521367521				0		-0.5833333333		8.4228

		0.76		7.196969697		2.718976		1.52		0.796078704				0		-0.5557894737		8.4228

		0.77		7.5657086711		2.766533		1.54		0.8402631393				0		-0.5287012987		8.4228

		0.78		7.9673135853		2.814552		1.56		0.8847204532				0		-0.5020512821		8.4228

		0.79		9		2.863039		1.58		0.9294812199				0		-0.4758227848		8.4228

		0.8		9		2.912		1.6		0.9745762712				0		-0.45		8.4228

		0.81		9		2.961441		1.62		1.0200367753				0		-0.4245679012		8.4228

		0.82		9		3.011368		1.64		1.0658943159				0		-0.3995121951		8.4228

		0.83		9		3.061787		1.66		1.1121809726				0		-0.3748192771		8.4228

		0.84		9		3.112704		1.68		1.1589294016				0		-0.3504761905		8.4228

		0.85		9		3.164125		1.7		1.2061729192				0		-0.3264705882		8.4228

		0.86		9		3.216056		1.72		1.2539455869				0		-0.3027906977		8.4228

		0.87		9		3.268503		1.74		1.3022822992				0		-0.2794252874		8.4228

		0.88		9		3.321472		1.76		1.3512188746				0		-0.2563636364		8.4228

		0.89		9		3.374969		1.78		1.4007921504				0		-0.2335955056		8.4228

		0.9		9		3.429		1.8		1.4510400812				0		-0.2111111111		8.4228

		0.91		9		3.483571		1.82		1.5020018427				0		-0.1889010989		8.4228

		0.92		9		3.538688		1.84		1.5537179404				0		-0.1669565217		8.4228

		0.93		9		3.594357		1.86		1.6062303244				0		-0.1452688172		8.4228

		0.94		9		3.650584		1.88		1.6595825106				0		-0.1238297872		8.4228

		0.95		9		3.707375		1.9		1.7138197102				0		-0.1026315789		8.4228

		0.96		9		3.764736		1.92		1.7689889659				0		-0.0816666667		8.4228

		0.97		9		3.822673		1.94		1.8251392987				0		-0.0609278351		8.4228

		0.98		9		3.881192		1.96		1.8823218638				0		-0.0404081633		8.4228

		0.99		9		3.940299		1.98		1.9405901182				0		-0.0201010101		8.4228

		1		9		4		2		2				0		0		8.4228

		1.01		9		4.060301		2.02		2.0606101218				0.0199009901				8.4228

		1.02		9		4.121208		2.04		2.1224819791				0.0396078431				8.4228

		1.03		9		4.182727		2.06		2.1856801749				0.0591262136				8.4228

		1.04		9		4.244864		2.08		2.2502726631				0.0784615385				8.4228

		1.05		9		4.307625		2.1		2.316331012				0.0976190476				8.4228

		1.06		9		4.371016		2.12		2.3839306902				0.1166037736				8.4228

		1.07		9		4.435043		2.14		2.4531513781				0.1354205607				8.4228

		1.08		9		4.499712		2.16		2.5240773059				0.1540740741				8.4228

		1.09		9		4.565029		2.18		2.5967976239				0.1725688073				8.4228

		1.1		9		4.631		2.2		2.6714068055				0.1909090909				8.4228

		1.11		9		4.697631		2.22		2.7480050898				0.2090990991				8.4228

		1.12		9		4.764928		2.24		2.8266989656				0.2271428571				8.4228

		1.13		9		4.832897		2.26		2.9076017037				0.2450442478				8.4228

		1.14		9		4.901544		2.28		2.9908339421				0.2628070175				8.4228

		1.15		9		4.970875		2.3		3.076524331				0.2804347826				8.4228

		1.16		9		5.040896		2.32		3.1648102448				0.2979310345				8.4228

		1.17		9		5.111613		2.34		3.2558385694				0.3152991453				8.4228

		1.18		9		5.183032		2.36		3.3497665749				0.3325423729				8.4228

		1.19		9		5.255159		2.38		3.4467628834				0.3496638655				8.4228

		1.2		9		5.328		2.4		3.547008547				0.3666666667				8.4228
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Figure 1  Feasible Regions for  All Distributions
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