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Abstract

In this research we are going to develop group maintenance policies for a service/production system by
considering the number of customers dynamically in the queue. It means that we generate the related group
maintenance models by allowing the maintenance decision to depend on the number of customers in the system at
any given time.

Group maintenance models can be applied in many fields of business and military including production
process of manufacturing factory, service process of service-providing company, maintenance process of military
weapon system, etc.. The main idea of group maintenance is to delay the initiation of the maintenance process
until more servers have failed, so that the fixed repair cost is distributed over more servers.

The typical approach in the analysis of group replacement policies is to assume that the operating machines
produce output at a constant rate. It is maybe realistic for automated high-volume production processes of
manufacturing company, but definitely not the case for serviceproviding company, such as bank,
telecommunication business, internet-related service provider, etc. Therefore, it is more reasonable to assume such
service systems where the customers/jobs arrive according to a random stream.

In this research we consider a production/service system with multiple independent servers operating in parallel
and a single Markovian queue. The servers are unreliable with identically exponentially distributed failure times
and the repair time is aso assumed to follow exponential distribution. The repair cost consists of a fixed cost
associated with starting the repair process and a variable cost proportiona to the number of repaired servers.
Customers arrive in accordance with a Poisson process, and the service time for each customer follows an
exponentia distribution. Then we can obtain more precise customer holding and loss cost than the traditional
group replacement models in which generally assume constant production job arrivals. Finaly, we try to develop a
specific class of group maintenance policy: A customer -dependent group maintenance model, where the decision
on initiating repairs depends on the number of customers present in the system. We formulate this model as a
continuous time Markov decision process, and show that the optimal group maintenance policy has a threshold
Structure.

Keywords: Group maintenance policy; Group replacement policy; Customer-dependent group maintenance
policy; customer holding cost; customer loss cost; repair cost; opening/setting up

1. Introduction

A large amount of research has been devoted to finding optimal replacement policies of the group replacement models.
According to our observation, there are three main types of group replacement policies, which have been studied in most of
the literature. The first one is T-age group replacement policy. The main idea for this policy is that no failed machine is
repaired until a scheduled time T. Then all failed machines in the system are repaired simultaneously. In Barlow, Proschan,
and Hunter, it is shown that the optimal scheduled time for preventive maintenance is nonrandom and there exists a unique
optimal policy if the distribution of timeto failure has an increasing failure rate. A detailed analysisfor determining optimal T
is presented in Okumoto & Elsayed. For the case of exponential distribution, a closed form expression for T* is developed.
For general underlying failure distribution, bounds for T* are derived. The second one is M-failure replacement policy. The
main idea for this policy is that we do not repair any failed machine until m failed machines have occurred. Then al failed
machinesin the system arefixed at the sametime. Assaf & Shanthikumar has considered two models with exponential failure
times with parameter I and a more general replacement policy f(m,n): when the number of failed machines reaches m, n
machines are repaired. They show that the optimal repair policy is either not to repair any failed machine or to repair with an
f(m,m)-type policy. Thisis effectively am-failure group replacement policy. By extending Assaf & Shanthikumar’ s repair and
replacement model, optimal m-failure policies with nonnegative random repair time are discussed in Wilson & Benmerzouga.
Thelast oneis (M, T) group replacement policy. The main ideafor this policy isthat we do not repair any failed machine until



a scheduled time T or upon m failed machines whichever comes first. Then all failed machines in the system are repaired at

the same time. Nakagawa has considered the optimal number™ to minimize the mean cost rate when the scheduled
replacement time T is specified. Ritchken & Wilson have considered a generalization of the combined (m,T) group
replacement model which requires inspection at either the scheduled time T or the time when exactly m machines have failed,
whichever comes first. At an inspection, al failed machines are replaced with new units while operating machines are
serviced so that they become as good as new.

Also, the analysis of the group replacement model is somewhat related to or based on that of a single machine
with minimal repair and replacement options. A comprehensive discussion on different maintenance policies for this
kind of model is included in Beichelt. The mathematical background for analyzing maintenance policies with minimal
repair is presented and Standard maintenance policies are summarized.

The typical approach in the analysis of group replacement policies is to assume that the operating machines
produce output at a constant rate, that is, there is a continuous input flow of production jobs into the system. This means
that when a failed machine is left un-repaired, there is a production loss cost incurred at a constant rate. Although the
assumption of continuous inflow is appropriate for high-volume production processes, it may be realistic for systems
where the jobs arrive according to arandom arrival stream. In this case, the production loss cost rate is not constant, but
instead it depends on the number of jobs waiting for service at any given time. It means that we can obtain more precise
production holding cost to respond the random situation of real world than the traditional group replacement modelsin
which we assume constant production job arrivals.

The group replacement problems we described in this paper also fal in two categories of queuing system with
unreliable servers. In the first category, the matrix-geometric method for steady state analysis of a certain class of continuous
time Markov processes is usualy applied. The earliest results on matrix-geometric solutions are contained in the paper of
Evans and the Ph.D. thesis of Wallace for block-Jacobi generators of continuous-parameter Markov processes of the GI/M/1
type, caled quas birth and death (QBD) processes. In Neuts & Lucantoni and Neuts, a M/M/N queueing system is analyzed
and model ed as a continuous time Markov chain with state (x,w), where x denotes the number of customersin the system, and
w the number of operating servers. The steady state probability vector is shown to be of matrix-geometric type. The average
system length and waiting time distribution are aso calculated. In the second category, the semi-Markov decision processis
usually applied to solve thiskind of repair problems. Federgruen & So (1989) considers asingle-server queueing system with
Poisson arrivals and general service times. While the server is working, the breakdowns are subject to a Poisson process.
When the server is failed, it needs to decide to repair the server immediately or delay the repair of failed server until the
number of customersin the system exceeds certain threshold of an optimal stationary policy. By extending the previous resullts,
amodified model is developed by Federgruen & So (1990) to repair the failed server immediately by initiating one of two
available repair operations. They have proved a weaker result: There exists an optimal stationary policy which applies the
faster repair if and only if the number of customersin the system exceeds a certain threshold.

In this research we consider the general class of group replacement policies which allow the maintenance decision
to depend on the number of customersin the system aswell as the number of operating servers at any given time. These
policies are expected to be more cost-efficient than the standard group replacement policies that depend on the number
of servers only. The reason is that if at a given instant several servers have failed but the system is not overcrowded, it
may be beneficial to postpone the group replacement in order to allow for more serversto fail before the replacement is
started, so that the fixed repair cost is distributed to more servers. At the same time the customer delay costs are not too
high if the number of customers present is not too large. Because the replacement action is now dynamic, the problem
of finding a maintenance policy to minimize any cost can be formulated as a continuous-time Markov decision process.

2. Problem Description and Mode Formulation

In this research we consider a production system with N independently operating servers and a single queue.
Customers arrive in accordance with a Poisson process with rate &, the service time for each customer follows
exponential distribution with rate i. The servers are unreliable with identically exponentially distributed failure times
and the failure rate of each server isf. In the repair process the repair time follows exponential distribution. When the
repair process is initiated, repairs are performed by a crew of ¢ repairmen. The repair rate for fixing one machine by
using one repairman is r. We assume that the repair crew devotes their effort proportionately to all machines being

repaired at any given time. Therefore, the instantaneous repair rate is equal to r,, :N—C, when w machines are

operational and N-w under repair. Within the period of maintenance, other transitions such as customer arrival,
customer service and machine failure are also allowed to happen. Each time the repair process is initiated, there exist a
fixed cost S and a variable cost . per repaired server. In addition a holding cost h is incurred per unit of time for
every customer present in the system. The existence of the fixed replacement cost makes it desirable to postpone
replacement until a substantial number of servers have failed. On the other hand, the delay costs increase when failed
servers are left un-repaired. The objective is to find a dynamic policy to determine when to perform the group
replacement, in order to minimize the infinite horizon discounted replacement and holding cost per unit of time.



The system described above can be formulated in terms of a continuous-time Markov decision process as
follows:

1. The state is denoted by (x,w), x 0,and 0 w N, where x denotes the number of customersin the system, and
w the number of working servers in the system. 2. The action space in state (x,w) is A={1,2}, where a=1 means the
production process is continued and a=2 means that the group maintenance of failed serversis performed..
3. Transition mechanism:
@] When a=1 (continue)

(xw) ® (x+1,w) with exponential transition rate é.

(xw) ® (x,w-1) with exponential transition rate wf.

(xw) ® (x-1,w) with exponential transition rate imin(x,w).
2 When a=2 (do the group maintenance)

(XW)® (x+1,w) with exponential transition rate &.

(XW)® (x,w-1) with exponential transition rate wf.

(xwW)® (x1,w) with exponential transition rate i min(x,w)

cr
N-w

XW)® (x,N) with exponential transition rate

An equivalent way to describe the transition processis the following:

(1) when a=1, the process remains in state (x,w) for an exponentially distributed time with rate | (x, w) = &+wf+ i
min(x,w). After atransition occurs, it will move to one of states (x+1,w), (X,w-1), (x1,w) with respective probabilities :

mmin (X, w)
I (%, w)

Powrw (@=1) = v Pxwxwny(@=1) = ,

- _wf
| (x w) I w)

(2) when a=2, the process remains in state (x,w) for an exponentially distributed time with rate

P(x,w)(x-l,w) (a = l) =

e+wf+imin(x,w)+ . After a transition occurs, it will move to one of states (x+1,w), (x,w-1), (x-1,w), (X,N) with

respective probabilities:

I wif mmin (X, w
P(X,W)(X+1,W) @=2 = W , P(X,W)(X,W-l)(a =2 = W) , P(x,w)(x-l,w) @=2-= _| x (W) ) )
cr
— 5 = N-
Pxw)(xN)@=2) = | \\,'VV

Conditional on the event that the next state is(x, w) , the time until the transition from(x, w) to(x, w) is arandom
variable with exponential distribution F . ( 13 :

F(x,w)(x+1,w) (t | a= l) = F(x,w)(x,w-l) (t | a= l) = F(x,w)(x-l,w) (t | a= 1) = 1' e- (1 +whrmminGow))t 1
Foaw)x+tw) t1a=2) = Foomxw-1)t 12 =2) = Fxwyx-1w) t12=2) = FxwyxNyt1a=2)
= 1. (I +wf +mmin(x,w))t+%_ W

4. Cost structure:
If action ais chosen when in state(X, W), then an immediate costC((x, w), @) isincurred and, in addition, a cost rate

c((x, w), @) isimposed until the next transition occurs:

C((xw),a=1)=0, C(x, w),a=2) =S+(N-w)re,c((x,w),a=1)=hx, c((x,w),a=2)=hx,

where Sisthe fixed cost for starting repairs, r. isthe variable repair cost for each machine replaced, and h is the holding
cost per customer and per unit time. If a transition occurs after t units, then the total cost incurred is given by

C((x,w),a +t c((x,w),d.



3. Discounted Cog Criterion
Assume that costs are continuously discounted with adiscount ratea 0, and consider minimizing the expected total

discounted costV (x,w). Using standard results from the theory of continuous time MDP (Puterman, 1994), we can

transform this model into a discrete time MDP with decision epochs at transitions. The details of the transformation are
presented as follows:

1. The one step cost a((x,w) ,& equivalent of the discrete time processis

Callx W), @)= O((x, W), a) + ) Poxw)xw) (a)o ;e'asc((xy W), @) dsdFRywew € 18) -

In particular, when a=1 (continue), then
I t hx
X,w),1) =0+ aSds hx | (x, w)e! W lgy = ——— 3.1
C.((x,w),1) 0o (x w) e PyT— 3Y
Also, when a=2 (do the group maintenance),
According to the above transition mechanism, note that the probability of finishing the maintenanceis
cr cr

N-w . Therefore, the expected repair cost C((x,w),a=2)= N-w [S+(N- w)r.], which
a+l(x,w)+ a+l(x,w)+

reflects the property that the maintenance cost isincurred only if the maintenance is completed before other transitions
happened. Now we have one step cost as follows:
cr

_ t
Ca(x W).2) = N- w [S+(N-w)rd +  eaShxdsd(l-ell W=ty
a+l (x,w)+ 00
N -
Ccr
= N-W ise(N-w)rd hx 32)

cr
a+l (x,w)+ a+l (X, w)+

2. The future discounted cost is
V((X1 W)v a) = xw) P(x,w)(x,w) (a) 0 e—at Va ((X! W) )dF(x,w)(x,w) (t | a) :
In particular, when a=1, after someintermediate simpleintegration:

\_/((X’W)’l) = (xw) P(x,w)(x,w) (l) e-atVa((Xy W) ) [ (X, W) e_l (X'W)tdt
X,W/ 0

_ I (x, w)
- ) P(x,w)(x,w) (l) Va ((X’ W) )(a +| (X, W))
_ mmin (X, w) ) I (x, w)
“pcwy VaX bW ey Vel W) e Va LWl
_ | wi .y, mmin (x, w) )
aPyTI Va(x +Lw) ¥ ———— o Ve (6 w-1) +——mm o) Va(x-Lw) (33
Similarly, when a=2,
\7((x, w),2) = ! Va(xX+1w)+ Wl Vg w-1)
a+l(x, w)+ - a+l (X, w)+ -
cr
e W) -ty —NW (34
a+|(x,w)+N_ a+l(xw)+—

3. Using the above results, the optimality equations for the discrete time version of problem can be expressed as
Va 66 W) =Min {v4(x w), v w)} , where

VAW =Co0 WD P 1) VI W) dFoien €11



hx I wif mmin (X, w)

= At oW +a+| = W) Va (X +1,w) +mva x w-1) + 2+l (W) Va (x-1, w)
cr
V& w) = N-W —[S+(N-w)rg+ _
a+l(x,w)+ a+l(x w)+
+ ! Va(X+l,W)+ wi Va(X,W'1)+ mmin (X, W) Va(X _1' W)

a+l (x, w)+ a+l (x, w)+ a+l(x w)+
(W) +— (W) + (x W)+~

cr

Wy (N} 33
a+l (x,w)+N

The state space is uncountabl e, the one step costE((x,W) ,d) isnot bounded. Using standard results from unbounded cost
MDPs (Hernandez-Lerma(1996), Th. 4.2.3, Prop. 4.3.1, (c)), the following Lemmafollows.

Lemma3.1:
@i V . (X, W) isthe unique sol ution to the optimality equationsin (3.5).

(i) The policy that takes actions to minimize the right hand side of equation (3.5) is an optimal stationary policy.
(iii) Let V,(x w;n=0)=0; v, & w,n)= min {C(x w),a +V(x w),an-1)};
a A(xw)

Then lim V. (X,w;n) =V, (X,w) for any initid state (x,w).

4. Modified Modd by Uniformization
In Section 3 all transition rates are bounded by a +| +Nf + Nn+cr in state (x,w), the process leaves this state

with ratel (x, w) when a=1, and | (x, w) + when a=2. In this section, we employ a method, referred to in the

literature as the uniformization approach (Puterman(1994) and Tijms(1994) ) to transform the problem in Section 3 into
an equivalent model where all sojourn times follow exponential distribution with the same

ratel a +| + Nf +Nm+cr. Thismodel isdefined as follows:

Transitions out of each state occur at a constant rate | . When the process is in state (x,w), however, only a

I (x w) +
ol w ' - - -
fraction (I_ ) or - N - W gre those transitions from (x,w) to state (x,w)’* (x,w) and the rest are transitions

back to state (x,w) (These are the “virtual transitions”). Specifically, define an equivalent discrete-time Markov chain of
which transition mechanism are given by
(2) When a=1 (continue)

(Xw) ® (x+1,w) with probability := (xw) ® (xw-1) with probability V:rfT

(W) ® (1) with probability TS W) o ) ® absorbing with probability li
|
(xw) ® (x,w) with probability (1- awrﬂ) .(virtua transitions)
(2) When a=2 (do the group maintenance)
(xw) ® (x+1,w) with probability := (xw) ® (xw-1) with probability V;,rT
cr
(W) ® (x1w) with probabnity%(’“’v) (W) ® (x,N) with probabilityNI'_—W.
a+l(xw)+
(x,w) ® absorbing state with probability Ig.(x,w)® (x,w) with probability (1- = N- Wy |

By using this modified MDP, the optimality equation can be derived as follows:



Recall the optimality equation in (3.5), when action a=1, we havey, (X, w) = v (x, w) . By multiplying both sides of
the equation with M , then adding both sides of the above equation with v, (x w) and
I
. +1 (% w)
movmgl—va(x w) from left side of equation to right side of equation, we get v (x, w)

=':_—X+:=va(x+1,w)+“|’ffva(x,w-1)+Mva(x-1,w)+(1 A& Wy ww @)

When action a=2, we have V5 (X,W) = V3 (X,w).

a+l(xw)+
After multiplying both sides of the above equation with = N-w , then by adding both sides of the above

a+l(x w)+

equation withv/ 4 (x, w) and moving = N-w V 4 (X, w) from left side of equation to right side of equation,

we get
cr

V2 w) = NoW - W S+ (N - w)rc]+—x+: Va(X+1, W)+V|Vf—va(x w-1)

cr cr

mmin (X, W) N-w a+|(X'W)+N-w
t————Va(X-Lw)+ Va (X, N)+(1- - ) Va X w) (4.2

From theresults of (4.1) and (4.2), the modified optimality equations by Uniformization can be written as
VY w) =Min{vix w), vz (X w)} where

Va (X w) =%+:=va(x +1,w) +V:'fTva(x, W'1)+MVa(X'1,W)+(l + (X W))va %, w)
cr
Vi wy =N W[S+(N-w)rc]+%+:=va(x+1,w)+“|’f7va(x,w-1)
Ccr Ccr
mmin (X, W) a+l( w)+
S -1 w) + Nl W\ (%, N) +(L- - N-Wy 0w 43

I
The optimality equationsin (3.5) and (4.3) are equivalent.
In the sequel we will use optimality equation (4.3) in order to prove properties of the value function and the optimal
policy. Now we define the successive approximation version of equation (4.3) asfollows:
Va & w;0) =0,

mmin (X, W)

. hx | wf
Va (X W;n)= Mm{|T+|=va(x +1,w;n-1) +|Tva(x, w-1n-1) + Va(x-1,w;n-1)

+1 (X w)

+(1- = IVa (X W, n-1),

cr

I wf mmin _(x, w)

NV S (N- W) +24 2y +Lwin- D+ v (o w-En- D+ Val-1win- 1

cr

a+l(xw)+
+ Nl'_WVa(x,N;n-1)+(1- - N'W)Va(x,w;n-:l) forn 1 (4.4

5. The Properties of Optimal Policy
We first prove the monotonicity property for the optimal discounted cost function \/, (X, W), which will be

used in proving the structure of optimal policy.

Theorem 5.1 V/, (X, W)isanincreasing function of x.

Proof:
The proof will be by induction on n. For n=1, we have



cr
Vo (%, W;n:l):Min{TTX,Nl'TW[S+(N-w)rc]+r|1_—x} where | =a+| +Nm+Nf +cr

V. (X w;n=1) isincreasing in x, becauseit is the minimum of two increasing functions of x.
Assumethat v/, (X, w; n) isincreasing in x, then we need to provey/, (X,w;n+1)isasoincreasingin x.
(1) Vi(x,w;n+1)isincreasinginx.
From (4.4), we need to show that\y1(x, w;n+1) - v (x +1, w;n +1) 0, foralw.
Casel:x w:
Then x+1>w and min(x,w)=min(x+1,w)=w, and the difference v'(x, w;n+1)-y(x +1,w;n+1) is simplified as

follows:

-2+|=[va(x +1,W;n) -V, (X +2,w; n)] +V:’fT[va(x, w-1n)-v, (X +1,w-1n)]

axlr W Wy W) - Vo (X + 1w )]

# oV (LW ) -V (6 Wi + (1
Because all quantitiesin brackets are non-positive from the induction hypothesis, the above expression is non-positive.
Case2: x<w':

Then min(x,w)=x, min(x+1,w)=x+1, and
Vix,win+1) - vi(x +1,w;n +1)

:-£+|=[Va(x +1L,w;n)-v, X+ 2w, n)]+|£[va(x, w-Ln)-v,(X +1w-1n)

a+| +wf +(x +1u
I
Since al terms in brackets are non-positive, vi(x, w;n+1)-yvi(x+1,w;n+l) 0 for x<w. Now

+Ii[va(x SLW;N) - Va (Wi )] + (L JVa (& Wi 0)-Va (X +1,w; )]

becausevi(x, w;n+1) -v(x +1,w;n +1) Ofor all x, we can concludethat vi(x, w; n + 1) isincreasing in x.
(2 v2(x w;n+1) isincreasingin x.
From (4.4), we need to show that v2(x, w;n+1) -yv2(x +1L,w;n+1) 0 foralw.
Casel:x w:
Then x+1>w and min(x,w)=min(x+1,w)=w, and
VZX w,n+1)-yvZ(x+1,w,n+1)
h |

= —|=+|=[Va(X +Lw;n)-v (X +2,w;n)] +V:rfT[Va(x, w-1Ln)-va((x +1Lw-1n)

cr

+W|Tm[va(x L win) - Vg & win)] + N I'_W [Va & N;n) - v/ (x +1,N;n)]

a+| +wf+wm+
+(1- - N- Wy ow;n)-v g ( +1,w; n)]

Because all quantities in brackets are non-positive from the induction hypothesis, the above expression is non-positive
for x w.

Case 2: x<w:

Then min(x,w)=x, min(x+1,w)=x+1, and v2(x, w;n+1) - v2(x +1,w; n+1)

= -|£+:=[Va(x +Lw;n)-vy (X +2,w;n) +V;rrT[Va(x, w-1n)-va(x +1,w-1;n)]

cr

+;£[va(x -L,w;n)- Vg (x win)] +-N l'—"" [Va® Nin)-v4(x +1,N;n)]
a+l +wf+(XxX+2u + cr

+(1- - N-Wylya( w;n)-vax+Lwn)] O

Because al quantities in above brackets are non-positive from the induction hypothesis,
V2 w;n+1) -v2(x +1,w; n +1) is non-positive for x<w.

Since v2(x w;n+1)-v2(x +1,w;n+1) Oforall x, wecan concludethaty/ 2(x, w; n +1) isincreasingin x.



(3) Vi & w;n+1) =Min{yv*x w;n+1),v2x w;n+1)} is the minimum of two increasing functions, and this
concludesthat v, (x, w;n+1) isalso increasing in x, and this concludes the induction proof. Therefore, v/ , (X, w; n) is
increasing in x for al n, and by using standard arguments from successive approximations for discounted Markovian
Decision Processes, V, (X, W) =lim Va (X, w; n) isalso increasing in X. The proof is completed. O

In this section we derive the monotonicity properties for the difference function between V1 (x,w) and v3(x,w).

These properties are important for providing the threshold structure of the optimal policy. Before this, we need to prove
the following Theorem.

Theorem 5.2 V5 (X,W)- Vg (X,N) isincreasing in x.
Pr oof:

SinceV 5 (x,w) = min{\/4 (x,w),v4 (Xx,w)}, we consider two cases asfollows:
(1) Va(X!W) = Vgl (X,W):

The proof will be by induction on n. From (4.4), for n=1, we have

cr

Valkw n=1)-vg (X N;n=1)=v§(x, W;n=1)-vé(x, N;n=1) =NI+W[S+(N- W) r

Itisobviousthat v, (x, w;n=1)-Vv, (X N;n=1) is non-decreasinginx.

We now assume that \/ 5 (X,w;n)- V4 (X,N;n) isincreasing in x, then we need to prove that
Va(xw;n+1)-v4(x,N;n+1) isasoincreasing in x. From (4.4), we have
Va(,win+1)-va (x,N;n+1) =v3(x,w;n+1)- V4 (x,N;n+1)

cr

= N|+W[S+(N -W)rdl +:=[Va(x +Lw;n)-v, (X +1,N;n)] +[Mva(x -1,w;n)

cr

Va(X-1,N;n)] +[V;’ffva(x, w-1,n) -'\Ilffva(x, N-In)] + NILW Va & N;n)

_min _(x, N)
[

a+lxw)+
+[(- : N-w\, e w; n)-(1-M)Va(x, N: )] 1)

Now we consider three cases for x:
Casel. x N
In this case min(x,N)=N and min(x,w)=w, therefore (5.1) becomes

Va®wn+1)-vyx Nin+1)

cr

= Nl_;W[S+(N -W) rel +:=[Va(x+1, w; n)-Va (X +1, N; n)] +V|VTm[Va(x-1, wW; n)-Va (X -1,N;n)




N W)mVa(X 1L N; n)"'_[Va(X W-Ln)-vaX N-Ln)- (- W)f Va (& N-Ln)
cr a+1 +Nm+Nf +—=
+ NW o N )+ (- 3 N-W)lvq ( i n)-va & N; )]
Ccr
(N W)mVa(X win) + (N - W)f Va(x w;n) - NI W a(x’ N; n)

Ccr
= Nl_;W[S+(N -W) rd] +:=[va(x+1, W;n)-Va (X +1,N; n)] +%“[va(x-1, W; n)-Va (X -1, N; )]

L(N-w)

"IV 66 1)~V (X1 N ]+ 6 W= i)V 6 N -5

a+| + Nm+Nf + cr

[Va® W;n)-Va (x N-1n)]+(1- - N-Wyry o 6 win)-va & N;n)]

(N w)f

After rearranging terms, weobtain v 5 (X, w;n+1)-v4(X N;n+1)

cr
= Nl_;W[S+(N -W) rel +:=[Va(x+1, w; n)-Va (X +1, N; n)] +V|VTm[Va(x-1, w; n)-Va (X -1,N;n)

WM W) va b N; n)]+ﬂ[va(x WL n)-va & N )]
(N w)f a+l +Nm+Nf + cr

[Va® wW;n)-va (x N;n]+{(1- - N-W iy o 6 w;n)-va® N;n)]
(N w)m

[Va®-LN;n)-va & N; n)]-—[va(x N-1n)-Va( N;n)} (5.2)

According to the induction hypothesis,

Thefirst six termsin (5.2) are clearly increasing in x. To finish this proof, we need to show DY(X,w;n +1)isincreasing
inx, where

a+| + Nm+Nf + o

DL, w;n+1) = (1- - N =Wy, 6w n)-va® N;n)]

WM LN ) Va6 N )] - f[va(x, N-1n)-Va(x N;n)

Recall that parameter | used in the uniformization approach must be greater than | =a+| +Nf +Nm+cr. Here we

choose | a+| +Mf+Mm+cr where M is sufficiently large number. Then we rearrange Di(x,w;n+1) as
follows:



cr

a+l +Mm+Mf +
DH(x,win+1) = (1- = N-W e win)-va (x N; )]

(M - N)m+ (M -N)f
I

[Vak w;n)-va X N;n)

(N w)m

[Va(x-LN;n)-va N;n) '_[Va(x N-1,n)-va (X N;n)

In the above expression, the first term is increasing in x. The coefficient of the second increasing

(M - N)m+ (M - N)f
term -
arbitrarily small. Therefore, the entire expression should be increasing in x, for M sufficiently large. Therefore,
DY(x,w;n+1) is increasing in x. Now we can conclude that Vakw,n+l)-v ( N;n+1) isincreasing in x
whenx N.

, because of large M, is arbitrarily close to 1, while the coefficient of the last three termsis

Case2: w x<N
In this case min(x,N)=x and min(x,w)=w, therefore (5.1) becomes
Vaw,n+1)-v, % N;n+1)

cr

= %[S+ (N -w)rd] +|=[Va(X +Lw;n)-va(x+1 N;n)] +W—_m[va(x -1Lw;n)-vg (x-1,N;n)]

-(X'll"’)m A OC-1N; n)+£[va(x w-Ln)-va 0 N-1 - N-1)
cr a+| +xm+Nf + cr
+ NZW o N+ (L- - N=W v/ (6 Wi 0)-Va (6 N; )]
cr
LS W)mv X w; n)+(N W) Vg (% w;n) - NI W/, (% N;n)
cr

= Nl_;W[S+(N -W) rd] +:=[va(x+1, W;n)-Va (X +1,N; n)] +%“[va(x-1, W; N)-Va (X -1, N; )]

(x w)m

[Va 0 W, M)-Va (-1 N; n)]+£[va(x W-Lin)-Va ( N-L )]

cr
a -+l +xm+Nf +

[Va® win)-va X N-In)]+(1- = N-W)ry g w;n)-va® N;n)]

L (N-wf

After rearranging terms, we obtain v/ 5 (X, w; n+1) - v, (X, N;n+1)

1N



cr
= Nl_;W[S+(N -W) rel +:=[Va(x+1, w; n)-Va (X +1, N; n)] +V|VTm[Va(x-1, w; n)-Va (X -1,N;n)

+ x 'IlN)m[va(x, w;n)-va (X N; n)]+v;rfT[Va(x, w-1,n)-v4 (X N;n)

cr
a+| +xm+ Nf +

L0 Iw)f [Va® win)-va & N;n)]+{(1- - N-W )y 4 w;n)-Va & N;n)]

X -W Nf
24 : )My (x - Lw;n) -V, (& N; )] - —VaN-L-v,(xNim). (5.3
According to the induction hypothesis, the first six terms in (5.3) are clearly increasing in Xx.
To finish this proof, we need to show D?(X,w;n+1)isincreasing in x, where

cr

a+| +xm+Nf +
D2(x, w; n+1) = (1- - N-W iy, 6 win)-va % N; )]

cr

& |W>m[Va(x LN 1)V O N ]S T a 6 N3 ) Va6 N - Htva ke Nin)

Here we use the same assumption | a+| +Mf+Mmtcr as case 1. Then we rearrange D2(X,w;n+1) as

follows:

a+!l +Mm+Mf + cr

D2(x,w;n+1) = (1- = N-W )ivax win)-Va (x N;n)]

(X - W)m

M -X) mi(M - N)f
I

[V w;n)-vg(x N;n) - [Va(x-1,N;n)-vg (% N;n)

cr

-—[va(x N-Ln)-vax N; n)]-l—va(x, N; n)

In the above expression, by the induction hypothesis, the first two terms are clearly increasing in x. Because of large

M -X)m+ (M - N)f N . .
M-% I_( ) is arbitrarily close to 1, while the coefficients of the last

three terms are arbitrarily small. Therefore, D2(X,w;n+1)- D?(x+1,w;n+1) O, for M sufficiently large.

M, the coefficient of the second term,

Since D?(x,w;n+1)-pD2(x+1,w;n+1) 0, wecanconcludethat D?(x,w;n+1) isincreasingin x.
Therefore, v (X w;n+1)-v, (X N;n+1) isincreasinginx whenw x < N.

Case3: x<w

Vaw,n+1)-v,x N;n+1)
Ccr
= Nl_;W[S+(N -W) rd] +:=[va(x +1,W;n) -V (X +1,N; n)] +X|T”‘[va(x -1, W; n)-Va (x -1, N; n)]

11



+V;,f7[va(x, W-Lm-va b N-1)] - 'l_W)f Val N-1n)

cr cr
a+| +xm+Nf +

+ Nl;W Va( N;n)+(1- - N-W)l 4 (x w;n)-va (x N;n)]

cr

L0 ;—W)f Va® w;n)- Nl;"" Va® N;n)

cr

= MM (N -w) r +[Va 0+ L) V(o + 1N )

+$][Va (X-Lw;n)-Va (x-1,N;n)] +V;ﬁT[Va(X, w-1n)-vak N-1n)

a+l +xm+Nf + cr
[Va® W;n)-Va (x N-1n)]+(1- - N-Wyrya (W n)-va N;n)]

L (N-w

After rearranging terms, weobtain v o (X, w;n+1)-v4(X, N;n+1)

cr

= NS (N -w) r +[Va 0+ L)V (c+ 1N

+ ):——m[va (X-Lw;n)-Va (x-1, N;n)] +V:rf7[va(x, wW-1n)-Val N;n)

cr
a+| +xm+ Nf +

[Va (& wW;n)-va ( N;m]+{(1- - N-W iy o w; n)-va % N; )]

o (N-w

-TTf[Va(x, N-1;n)-va (X N;n)] (5.4

According to the induction hypothesis, Thefirst five termsin (5.4) areincreasing in x. To finish the proof, we need to
show D3(x,w;n+1) isincreasing in x, where D3(X,w;n+1)

cr
a+| +xm+Nf +

=(1- = N'W)[va(x, w;n)-Va (% N; n)]-’\llff[va(x, N-1n)-va (x N; n)]

Wefirst use the same assumption I a+l +Mf+Mmtcr as case 1, then we rearrange

a+!l +xm+Mf + cr
D3(x,w;n+1) = (1- = N-Wly/q (x W; N)-Va (x N; )]

192



, M -N)f
I

[Va( w;n)-va X N;n) '_[Va(x N-1n)-Va X N;n)]

In the above expression, by the induction hypothesis, the first two terms are clearly increasing in X. Because of large M,

M - N)f
I

the coefficient of the second term, isarbitrarily close to 1, while the coefficients of the last term is arbitrarily

small.

Therefore, D3(x,w;n+1)-D3(x+1,w;n+1) O, for M sufficiently large. Sincep3(x,w;n+1)- D3(x+1,w;n+1) O,

we can conclude D3(x,w;n+1) isincreasing in x. Therefore, Vo wn+1)-v,(x N;n+1) isincreasingin x
when X <w.

Depending on the results in above three cases, we can conclude that

Va & w;n+1)-v,(x, N;n+1) isincreasing in xwhen Vg (X,w;n+1)=VvZ(X,w;n+1)

(2) Va (X!W) = V]é (X!W):
The proof will be by induction on n. From (4.4), for n=1, we have

Valo win=1) - vy Nn-l)-‘;—x-¥_o

Itisobviousthat v 4 (X, w;n=1) -Vv,(x, Nyn =1) is non-decreasingin x.

From the above result, we can assume that \/ 5 (X,w;n)-V4(X,N;n) is increasing in x, then we need to prove
Va(X,w;n+1)-v,(Xx,N;n+1) isalsoincreasing in x. From (4.4), we have

Vakwin+1)-v,x N;n+1) = [T_—X+:=Va(x +1,w;n)+v;’fTVa(x, w -1;n)

mnn(x w)

I (X, hx |
. +_(x W))Va i X

Va (X -Lwn) +(1- 0 W] [ =V (1N )

# T DDy (LN + Sy 6 N-Lm) + (1 28 v i)

:=[va(x+1 W)V (x +1, N; )] + [0 W) a(x-l,w;n)-mVa(x-l.N;n)]
+[“|’f?va(x, -1, n)-“l'ffva(x, N-1 )]+ 2 E W i) -
(- M)va(x N; )] (5.5)

The above equation (5.5) is similar to the equation (5.1) from case (1), but with three terms
cr cr cr

( Nl'_W [S-(N-w)rd, NI'_W Va(6,N;n) and- N I'_W V4 (X,w;n) ) short. Although these differences, we can still

apply the similar deriving procedures in case (1) with little modification to prove equation (5.5) is increasing in Xx.
Therefore, v 5 (X, w; n+1) -\, (x, N; n+1) isincreasing in xwhenV 5 (X,w;n+1) = v (x,wn+1).
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According the results of case (1) and case (2) , we can concludethat v/, (X, w;n+1)-v (X, N;n+1) isincreasing in x.

By using standard arguments  from successive approximation for discounted MDPs,
Vaw)-va® N)=lim{Vva® w;n)-va N;n)} iscertainly increasing in x. The proof is complete. O
n

Theorem 5.3 V3 (X,w)- V3 (X,w) isincreasing in x.
Proof:
The proof will be by induction on n.

cr

From (4.4), for n=1, wehave vi(x w;n=1)-vZx w;n=1)= -%[S+ (N-w) rd]

Itisobviousthat V& (x,w;n=1)-Vv3 (x,w;n=1) is non-decreasingin x.

From the above result, we can assume that \/% (X,w;n)-Vv3 (x,w;n) is increasing in x, then we need to prove
vi(x,w;n+1)-vZ (x,w;n+1) isaso increasing in x. From (4.4), we have

cr cr

VA (XW;n+1)-v3 (x,w;n+1) = -N|+W[S+(N -w) rd + NILW [Va (% W;n)-Va® N;n)]

According the above result and Theorem 5.2, we can conclude that \/1 (x,w;n +1)- V3 (X,w;n+1) isincreasing in x.

By using standard arguments  from successive  approximations  for discounted MDPs,
VL & W) - V2 (X W) = lim{Vi x w;n)-v2(x w;n)} isincreasing in x. The proof is complete. [I
n

Theorem 5.4 There are thresholds x" (w) O such tha when the system is in state (x,w) an &optimal policy do the
group replaces if and only if x x"(w).

Proof:

From (4.4), we have

Valow) = Min{':_—x+:=va(x 41, w)+“|’ffva(x, w-1) +Mva(x 1 w)+(1-M)va(x, W)

cr cr

N (N-w) rcl+%+:=va(x+1,w)+“l’f?va(x, wo1) + N W) o) + Novy )

cr
a+l(x,w)+

+(1- - N-W)yakxw. Let

mmin (X, w) a+l(x,w)

X" (W) = Min{ x :':_—X+:=va<x+1, w)+|£va(x, R Vate-1w (-2 v w

cr cr
mmin (x, w)

> M54 -w rd+%+:=va(x +1,w) +“|’ffva(x, w-1) + Val-Lw) + Ny N

1A



cr

a+l (x,w)+
+(1- - N-W)\, (x w)}

Now, by Theorem 5.3, it followsthat \/% (X,w)- V3 (X,w) isincreasing in x, and hence we have

vie w) forx < x*(w)

Vieew) forx x-(w) e

Valk w) =

mmin (X, w) a+l(x w)

v w) :%+:=va(x 41 w)+“|’ffva(x, w-l) + Va(-1w) +(1- ) Valk W)

cr

| wf mmin (X, w)

VA w) = NWis s (- wrg +%+|=va(x+1,w)+lfva(x, w-1)+ Va (X -1w)

r r
c a+l (x, w)+ c

N Nl;w Va (6 N) +(1- - N-W)\ . (x w) . The proof is completed. O

6. Conclusons and Extensions

In this paper we have developed the problem formulation as a continuous time Markovian decision process, and derived
the optimality equations for the discounted cost model. For simplifying the analysis process of this model, we have
transformed it into an equivalent model where all sojourn times follow exponential distribution with the same rate by
employing the uniformization approach. In the analysis of threshold policy structure, we have proved the following
main properties.
V. (X,w) isanincreasing functionin x.
VLi(x,w)-v2(x,w) isincreasing in x.
There are thresholds x" (w) O such that when the system isin state (x,w) a group maintenance is performed
ifandonlyif x x"(w).
In this model we assume the positive maintenance time and clearly show that the optimal group maintenance policy

has a threshold structure. It is also possible to consider extensions which perform positive maintenance but not allow
server failures during maintenance.
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