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ABSTRACT 
 
In this paper, we propose a methodology that comprises Data Envelopment Analysis 
(DEA) and log-linear Poisson regression to estimate the odds of being ‘technically 
efficient’. Here we evaluate technical efficiency of 45 hospitals in the Sultanate of Oman, 
using both Charnes-Cooper-Rhodes (CCR) and Banker-Charnes-Cooper (BCC) DEA 
models with 4 inputs and 2 outputs. Then we compare these efficiency evaluations by 
estimating the odds of a hospital being technically efficient, using a log-linear regression 
model under independent Poisson sampling. 
 
 
INTRODUCTION 
 
DEA has been used as a tool to evaluate technical efficiency in various studies, but its use 
in health care services has been reported only a few times (Tavares, 2002). One study 
reported in 1994, by Jon A. Chiligerian, discussed an important application of DEA to 
evaluate the physicians’ efficiency in hospitals. Although it inspired the present study of 
this paper, the setting and the objective of Chiligerian’s study differ very much from ours, 
and here we evaluate the efficiency of hospitals.  
 
 
RESEARCH METHODOLOGY 
 
In the first stage of our analysis, we use BCC and CCR models to compute DEA-efficiency 
scores of the 45 hospitals in the year 2000. The inputs considered are, recurrent 
expenditure, monetary value of drugs and equipment, bed capacity, total staff, and the 
outputs are, total length of stay (LOS) and live discharges. In the second stage, we form 
contingency tables for cross-classification of hospitals, where the qualitative variables are 
‘DEA-efficiency (CCR/BCC)’ and ‘category of hospitals.’ The hospitals are divided into 3 
categories: Local, County, and Regional. These cross-classifications show the count data 
under independent Poisson sampling. Next, we formulate the log-linear regression model 
and estimate the expected cell-counts for the efficient/inefficient hospitals of the 3 
categories. Finally, we establish the relationship between the expected cell-count and the 
odds of a hospital being efficient and compute the latter using the regression coefficient 
estimates.  
 



 

PRELIMINARIES OF DATA ENVELOPMENT ANALYSIS 
 
DEA is a mathematical programming methodology that provides non-parametric measures 
of optimal relative efficiency. It identifies the Decision Making Units (DMUs) on the 
‘efficient productivity frontier’ as efficient firms and DMUs that are interior to that frontier 
as inefficient firms. Many outputs and inputs can be analyzed simultaneously for an 
arbitrary number of observations. Relative efficiency measurements are computed 
DMU-by-DMU across all of the DMUs under consideration, for the same inputs and 
outputs of data. DMUc denotes the selected DMU for comparison. The input/output data 
entries must be non-negative, with zero entries allowed. (Charnes et al., 1978) 
 
A DEA data domain consists of n DMUs.  The selected DMUc (c = 1, 2, … , n) is  
characterized by an input vector Xc and an output vector Yc . U, the output multiplier, V, 
the input multiplier, and λ, a real vector, are unknowns that need to be determined by 
solving the respective linear programming (LP) model stated below.   (All vectors are 
column vectors, and [...]T stands for transpose).  
 
As a modification to the original input-oriented CCR (Charnes et al., 1978) and BCC 
(Banker et al., 1985) models, Thompson et al. (1993) introduced the following LP 
formulations (Archimedean form) of the CCR and BCC model for DMUc. 
 
 
         CCR Model (Dual) 
 
         Max  z = UT Yc 
    s.t.                                                                            
         VT Xc  = 1                        (2)                                         
        UT Y - VT X  ≤ 0 
        U ≥ 0, V ≥ 0       
 
         BCC Model (Dual) 
 
         Max z = UT Yc + u* 
      s.t.                                                                           
          VT Xc  = 1                       (3)                                              
      UT Y - VT X + u* I ≤ 0 
          u* unrestricted  
           U ≥ 0, V ≥ 0       
        
The efficiency value of DMUc in CCR or BCC model is denoted by the optimal value θc

*.    
A DMUc with θc

* = 1 is said to be ‘scale efficient.’ The class of scale efficient DMUs can 
be partitioned into 3 sub-classes; (1) DEA-extreme-efficient DMUs in class E, which are at 
the vertices on the frontier,  (2) DEA-non-extreme-efficient DMUs in class E', which are 
on the frontier between vertices, and (3) DEA-inefficient DMUs in class F which are on the 
extended frontier. DMUc with 0 < θc

* < 1 is said to be ‘scale inefficient’ and in class N 
(Charnes et al. 1991).   



 

 
Scale efficient classes E and E' are also called 'technically efficient'. Class F is scale 
efficient but not technically efficient because the optimal slacks are present, and class N is 
both scale and technically inefficient. All these classes are mutually exclusive. In our 
terminology, 'EE Υ  form the 'technically efficient' class, and NF Υ  form the 
‘technically inefficient’ class. 
 
 
LOG-LINEAR MODEL 
 
In a cross-classification of Poisson count data for independent qualitative variables, X and 
Y, with r rows and c columns respectively, the expected cell-count Mi,j is given by the 
following regression model: 
 
Ln (Mij) = β0 + αi Xi + βj Yj ; i = 1, 2,…, r; j = 1, 2,…,c.     (4)   (Everitt & Dunn, 1991) 
 
Here αi and βj represent the effects of row categories of X and column categories of Y, 
respectively. Xi and Yj are dummy variables for row-i and column-j. The parameters to be 
estimated are, α1, α2, β0, β1, β2, and β3.  
 
Note: There are no interaction terms of Xi and Yj in (4), by our assumption that the 
variables are independent. That means (4) considers only the main effects. 
 
In our contingency table,  
X = Efficiency of CCR (BCC) model; 1 = Efficient, 2 = Inefficient 
Y = Hospital category; 1 = Regional, 2 = County, 3 = Local 
Nij = Number of hospitals in cell (i, j); i = 1, 2, and j = 1, 2, 3 
 
        Regional     County    Local 
  Efficient       N1,1        N1,2       N1,3 
 Infficient       N2,1        N2,2        N2,3 
 
 
Then model (4) becomes, Ln (Mij) = β0 + α1 X1 + α2 X2 + β1 Y1 + β2 Y2 + β3 Y3       (5) 
 
 
RESULTS 
 
(I) DEA computations of CCR and BCC efficiency scores provided the following 
contingency tables. 
 
  
    CCR   Regional     County    Local 
  Efficient        2       1       3 
Inefficient       11       5       23  
 



 

 
    BCC   Regional     County    Local 
  Efficient         6       1       7 
Inefficient         7       5       19  
 
 
From the above tables, we make one important observation. The efficiency of 6 county 
hospitals did not change under the two models; 4 regional hospitals that were inefficient 
under CCR model became efficient under the BCC model, and 4 local hospitals that were 
inefficient under CCR model became efficient under the BCC model. 
 
The Chi-squared independence test performed on both tables confirmed the independence 
of variables, Efficiency and Hospital Category. 
 
(II) Log-Linear regressions run in SPSS on both tables provided the following design 
matrix with parameters α1 and β3 set to zero.  
 
Model (5) becomes, Ln (Mij) = β0 + α2 X2 + β1 Y1 + β2 Y2        (6) 

 

Efficy, Hospital 
     
  Constant       X2                Y1    Y2 

      1 , 1         1         0         1     0 

      2 , 1         1         1         1     0 

      1 , 2         1         0         0     1 

      2 , 2         1         1         0     1 

      1 , 3         1         0         0     0 

      2 , 3         1         1         0     0 

 

[1] For CCR, we obtained the following estimates:    

      b0 = 1.2432, a2= 1.8718, b1= -0.6931, b2= -1.4663 

Estimated model: Ln (Mij) = 1.2432 + 1.8718 X2 – 0.6931 Y1 – 1.4663 Y2   

  Mij = exp(1.2432 + 1.8718 X2 – 0.6931 Y1 – 1.4663 Y2); i = 1, 2; j = 1, 2, 3       (7) 

[2] For BCC, we obtained the following estimates   

     b0 = 2.0905, a2= 0.7949, b1= -0.6931, b2= -1.4663 



 

Estimated model: Ln(mij) = 2.0905 + 0.7949 X2 – 0.6931 Y1 – 1.4663 Y2   

   Mij = exp(2.0905 + 0.7949 X2 – 0.6931 Y1 – 1.4663 Y2); i = 1, 2; j = 1, 2, 3      (8) 

 

(III) Computation of the Odds of being Efficient 

Variable X being dichotomous, we use Mij to compute the Odds.  

Expected count Mij = N P(X = i ,Y = j) = N P(X = i, * ) P(*, Y = j)  ; i = 1, 2; j = 1, 2, 3. 

Here the * indicates any row/column, and N is the total counts.      

Then, M1j = N P(X =1,*) P(*, Y = j), and M2j = N P(X =2, * ) P(*, Y = j). 

Let, p = P(X =1,*) = P( Hospital of any category is Efficient). Then, 

P(X =2, * ) = 1- P(X =1, *) = 1- p, and  M1j / M2j = p /(1-p) = Odds; j = 1, 2, 3       

With our design matrix and the estimated models, we can compute the Odds for each of the 
2 models. 

[1] For CCR, Mij = exp(1.2432 + 1.8718 X2 – 0.6931 Y1 – 1.4663 Y2); j = 1, 2, 3 

For example, j =1; Y1=1, Y2=0. Then, 

 p /(1-p) = M11 / M21 = exp(1.2432 – 0.6931) / exp(1.2432 + 1.8718 – 0.6931) 

                                  = exp(-1.8718) = 0.1538 

We obtain the same value for other 2 hospital categories. So the odds of a hospital being 
efficient than being inefficient is 0.1538 

Note: Log(Odds) = Ln [p/(1-p)] = -1.8718 = -a2  

[2] For BCC, Mij = exp(2.0905 + 0.7949 X2 – 0.6931 Y1 – 1.4663 Y2); i = 1, 2; j = 1, 2, 3 

For example, j =1; Y1=1, Y2=0. Then, 

 p /(1-p) = M11 / M21 = exp(2.0905 – 0.6931) / exp(1.2432 + 0.7949 – 0.6931) 

                                  = exp(-0.7949) = 0.4516 

We obtain the same value for other 2 hospital categories. So the odds of a hospital being 
efficient than being inefficient is 0.4516 

 



 

CONCLUSION 

Summarizing the above results, we can say the following. The expected number of 
efficient/inefficient hospitals can be computed using model (7). Log of Odds is equal to the 
negative coefficient of the dummy variable X2 (Inefficient). This means, Odds of being 
efficient are the same for all hospital categories, which is a direct implication of 
independence of the variables. The Odds under BCC model are higher than those under 
CCR model by a ratio of 0.4516 to 0.1538. The 6 county hospitals display constant 
returns-to-scale where as 4 regional hospitals and 4 local hospitals that became efficient 
under the BCC model, display variable returns-to-scale. This increase in efficiency by 8 
hospitals may have contributed to the increase in the Odds under the BCC model. 

 

FUTURE RESEARCH 

The log-linear model (4) is based on independence of the variables X and Y. If they are 
dependent, then the interaction terms are present and γij represent their effect in the model. 

Ln (Mij) = β0 + αi Xi + βj Yj + γij XiYj ; i = 1, 2,…, r; j = 1, 2,…,c.     (9) 

In the absence of independence, the formulation in (III) for p/(1-p) becomes invalid, and 
the following Linear-Logistic model could be used to estimate the Odds. 

Ln [p/(1-p)] = β0 + αi Xi + βj Yj + γij XiYj ; i = 1, 2,…, r; j = 1, 2,…,c.     (10) 
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